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We investigate the small-scale static configurations of K-mouflage models defined by a general
function K(χ) of the kinetic terms. The fifth force is screened by the nonlinear K-mouflage mecha-
nism if K′(χ) grows sufficiently fast for large negative χ. In the general non-spherically symmetric
case, the fifth force is not aligned with the Newtonian force. For spherically symmetric static matter
density profiles, we show that the results depend on the potential function W−(y) = yK
′(−y2/2),
i.e. W−(y) must be monotonically increasing to +∞ for y ≥ 0 to guarantee the existence of a single
solution throughout space for any matter density profile. Small radial perturbations around these
static profiles propagate as travelling waves with a velocity greater than the speed of light. Starting
from vanishing initial conditions for the scalar field and for a time-dependent matter density corre-
sponding to the formation of an overdensity, we numerically check that the scalar field converges to
the static solution. IfW− is bounded, for high-density objects there are no static solutions through-
out space, but one can still define a static solution restricted to large radii. Our dynamical study
shows that the scalar field relaxes to this static solution at large radii, whereas spatial gradients
keep growing with time at smaller radii. If W− is not bounded but non-monotonic, there is an
infinite number of discontinuous static solutions. However, the Klein-Gordon equation is no longer
a well-defined hyperbolic equation, which leads to complex characteristic speeds and exponential
instabilities. Therefore, these discontinuous static solutions are not physical and these models are
not theoretically sound. Such K-mouflage scenarios provide an example of theories that can appear
viable at the cosmological level, for the cosmological background and perturbative analysis, while
being meaningless at a nonlinear level for small-scale configurations. This shows the importance of
small-scale nonlinear analysis of screening models. All healthy K-mouflage models should satisfy
K′ > 0 and W±(y) = yK
′(±y2/2) are monotonically increasing to +∞ when y ≥ 0.
PACS numbers: 98.80.-k
I. INTRODUCTION
Theories with second-order equations of motions in-
volving a single scalar field and a coupling to mat-
ter can be subject to three different screening mecha-
nisms whereby the scalar interaction is screened in dense
environments[1]. The Vainshtein mechanism [2], which
is present in DGP models [3] and Galileons [4], was the
first to be uncovered and involves models where higher-
order derivatives appear in the action. The scalar field is
screened in regions of space where the local curvature is
large enough. The chameleon mechanism [5, 6] involves
another type of nonlinearities and plays a role in mod-
els where a nonlinear potential can for instance generate
the late-time acceleration of the expansion of the Uni-
verse [7]. Screening takes places where the scalar itself
is small compared to the ambient Newtonian potential.
Finally, the K-mouflage mechanism [8, 9] is present in
models where the Lagrangian involves an arbitrary func-
tion K(χ) of the kinetic terms. Screening appears in
regions of space where the gravitational acceleration is
large enough. The three types of screening have different
cosmological properties and lead to different behaviors
on the very large scale structures of the Universe. For
Galileon models, the background cosmology is defined
by a late-time attractor [10]. Hence, the cosmological
configurations converge rapidly to the Λ-CDM paradigm
in the recent past of the Universe. Moreover, large clus-
ters of galaxies are screened leading to small deviations
of the growth of structure from Λ-CDM, even on the
largest scales. On the other hand, for chameleon models
such as f(R) [11], the background follows Λ-CDM [12],
and the growth of structure is only sensitive to modi-
fied gravity on intermediate quasi-linear scales. Finally,
for K-mouflage, the background cosmology [13] shows a
host of different behaviors. In particular, for ghost-less
models with a polynomial kinetic function, the effective
equation of state shows a singularity in the recent past
and crosses the Phantom divide. This has no strange ef-
fect on the dynamics though, as the Hubble rate squared
remains positive definite. Moreover, large galaxy clusters
are not screened and can show deviations from Λ-CDM
in the halo mass function for instance [13].
Here we investigate the small-scale static properties of
K-mouflage theories. We find that the resulting field con-
figurations depend on a potential W−(y) = yK
′(−y2/2).
When this potential is monotonically increasing to +∞
over y ≥ 0, the scalar modification of gravity is attractive,
and we find that a well-defined scalar-field static profile
exists for any matter density profile. Small perturbations
around these configurations are travelling waves with a
speed greater than the speed of light. We also show
that the static profile emerges dynamically as a long-
time solution of the dynamical evolution of the scalar
2field from vanishing initial conditions. This is the case
for the cubic interaction model in the kinetic terms, e.g.
K(χ) = −1 + χ + χ3, with a bounded from below La-
grangian, or the wrong-sign DBI+ models presented in
[9, 14]. On the other hand, when the potential is bounded
or has several extrema, the dynamics are pathological.
For bounded potentials, the convergence to a static so-
lution only happens when the object is not screened.
When it is screened, i.e. when its size is smaller than
its K-mouflage radius, the convergence to a static solu-
tion can only be reached at large radii, outside of the
K-mouflage radius, while scalar gradients keep growing
with time inside the K-mouflage radius. This case cor-
responds to the DBI− models, which therefore must be
altered within the K-mouflage radii of screened objects in
order to make sense. When the potential has several ex-
trema, the Klein-Gordon equation is a not a well-defined
hyperbolic equation. Instabilities associated to complex
characteristic speeds occur and the evolution with time
is no longer well defined (as one encounters an elliptic
problem that requires boundary conditions at late times,
instead of a Cauchy problem).
In Sec.II, we recall the definition and main properties
of K-mouflage models. In Sec.III, we describe the non-
linear K-mouflage screening mechanism and spherically
symmetric static configurations, as well as the dynamics
of radial perturbations. In Sec.IV, we consider general-
ized static solutions that can still be defined whenW−(y)
is not monotonically increasing to +∞. In Sec.V, we
analyze the dynamics of these configurations and their
generation from vanishing initial conditions. In Sec.VI,
we summarize the cosmological and static properties of
K-mouflage theories. We then conclude.
II. K-MOUFLAGE
A. Definition of the model
As in [13, 15], we consider scalar field models where
the action in the Einstein frame has the form
S =
∫
d4x
√−g
[
M2Pl
2
R+ Lϕ(ϕ)
]
+
∫
d4x
√
−g˜Lm(ψ(i)m , g˜µν), (1)
where MPl = 1/
√
8πG is the reduced Planck mass, g is
the determinant of the metric tensor gµν , and ψ
(i)
m are
various matter fields. The additional scalar field ϕ is
explicitly coupled to matter through the Jordan-frame
metric g˜µν , which is given by the conformal rescaling
g˜µν = A
2(ϕ) gµν , (2)
and g˜ is its determinant. We have already considered
various canonical scalar field models in previous works
[16, 17], with Lϕ = −(∂ϕ)2/2− V (ϕ). In this paper, we
consider models with a non-standard kinetic term
Lϕ(ϕ) =M4K(χ) with χ = − 1
2M4∂
µϕ∂µϕ. (3)
[We use the signature (−,+,+,+) for the metric.] To
focus on the behavior associated with the non-standard
kinetic term K, we do not add a potential V (ϕ) or a
mixed dependence K(ϕ, χ) on the the field value and
the derivative terms. Here, M4 is an energy scale that
is of the order of the current energy density, (i.e., set
by the cosmological constant), to recover the late-time
accelerated expansion of the Universe. Thus, the canon-
ical cosmological behavior, with a cosmological constant
ρΛ =M4, is recovered at late time in the weak-χ limit if
we have:
χ→ 0 : K(χ) ≃ −1 + χ+ ..., (4)
where the dots stand for higher-order terms. On the
other hand, the property
K ′(0) = 1 (5)
defines the normalization of the scalar field ϕ and can
be chosen without loss of generality, assuming K ′(0) is
positive and finite. This sign ensures that at low χ we
recover a standard kinetic term with the correct sign and
we avoid ghosts.
In the cosmological regime, associated with (large) pos-
itive χ, we must have K ′(χ) > 0 to avoid ghost instabil-
ities [13]. Otherwise, quantum vacuum instabilities pro-
duce too much radiation as compared with observational
bounds on the gamma-ray spectrum and we must intro-
duce a UV cutoff at a very low energy scale [a few keV or
eV, depending on the form of the kinetic function K(χ)],
which makes the model very contrived. In cases where
K ′(χ) > 0 over the whole positive real axis, χ ≥ 0, the
cosmological background evolves from very large positive
values of χ¯ at early times to χ¯→ 0 at late times, t→∞.
In cases whereK ′(χ∗) = 0 for some positive value χ∗ > 0,
and K ′(χ) > 0 for χ > χ∗, the cosmological background
χ¯ rolls down from +∞ to χ∗ as time increases, and there
are no ghosts in the perturbative regime around the back-
ground [13].
However, models where K ′(χ) has a zero χ∗ on the
real axis, whether it is negative or positive, are badly
behaved. Indeed, while the cosmological regime probes
the domain χ > max(0, χ∗), where K
′ > 0, the small-
scale quasistatic regime probes the domain χ < 0, and
highly nonlinear screened objects correspond to χ≪ −1.
Then, as the scalar field evolves from the large-scale cos-
mological regime to the small-scale screened regime, it
goes through the point χ∗. At this point, the fifth force
diverges, as seen from the expression (44) of the effective
Newtonian constant obtained below, or from the fifth-
force expression (25). This also gives infinite propaga-
tion speeds c2s for the scalar field, with a change of sign
of c2s that signals divergent instability growth rates, as
seen from the expression (52) obtained below. To avoid
3these divergences and instabilities, we require that K ′(χ)
does not change sign. Therefore, in this paper we focus
on models where K ′(χ) > 0 for all values of χ.
B. Specific models
In [13, 15], we considered for the coupling function
A(ϕ) the simple power laws,
n ∈ N, n ≥ 1 : A(ϕ) =
(
1 +
βϕ
nMPl
)n
, (6)
and the exponential limit for n→ +∞,
A(ϕ) = eβϕ/MPl . (7)
Without loss of generality, we normalize the field ϕ by
the appropriate additive constant so that A(0) = 1. In
fact, in the regime that we consider in this paper, we
only need the first-order expansion A(ϕ) ≃ 1 + βϕ/MPl,
so that all coupling functions (6) and (7) coincide for
our purposes. The action (1) is invariant with respect to
the transformation (ϕ, β) → (−ϕ,−β), therefore we can
choose β > 0.
For the kinetic function K(χ), we considered in [13, 15]
the polynomials
m ∈ N, m ≥ 2 : K(χ) = −1 + χ+K0 χm, (8)
and we focused on the low-order cases m = 2 and 3. In
this paper, we focus on the case K0 = 1,m = 3, for
numerical applications.
In addition, we consider models of the Dirac-Born-
Infeld (“DBI”) type, with a non-standard sign as in [14],
DBI+ : K(χ) =
√
1 + 2χ− 2, (9)
and with the standard sign,
DBI− : K(χ) = −
√
1− 2χ. (10)
C. Equation of motion of the scalar field
The Klein-Gordon equation that governs the dynamics
of the scalar field ϕ is obtained from the variation of the
action (1) with respect to ϕ. This gives [13, 15]
1√−g∂µ
[√−g gµν∂νϕ K ′] = d lnA
dϕ
ρE , (11)
where ρE = −gµνTµν is the Einstein-frame matter den-
sity, and we note with a prime K ′ = dK/dχ. In the limit
where the metric fluctuations Ψ are small, Ψ≪ c2, which
applies to cosmological and galactic scales, this reads as
1
a3
∂
∂t
(
a3
∂ϕ
∂t
K ′
)
− 1
a2
∇ · (∇ϕ K ′) = −dA
dϕ
ρ, (12)
with χ = 1/(2M4) [(∂ϕ/∂t)2 − 1/a2(∇ϕ)2], where we
use comoving coordinates and ρ = A−1ρE is the con-
served matter density [13, 15]. The cosmological evolu-
tion associated with K-mouflage models was studied in
previous papers of this series, for both the background
dynamics [13] and the formation of large-scale structures
[15]. In this paper, we are interested in the small-scale
nonlinear regime where screening mechanisms come into
play and lead to a convergence back to General Relativity
for galactic and astrophysical systems (e.g., the Solar Sys-
tem). Then, going to physical space coordinates, r = ax,
considering time scales that are much smaller than the
cosmological time scale [i.e., a(t) is almost constant and
H = a˙/a ≈ 0] and densities that are much greater than
the mean universe density, the Klein-Gordon equation
(12) becomes
∂
∂t
(
∂ϕ
∂t
K ′
)
− c2∇r · (∇rϕ K ′) = − βρ
MPl
, (13)
with
χ =
1
2M4
[(
∂ϕ
∂t
)2
− c2(∇rϕ)2
]
, (14)
where we have explicitly written the factors of c2.
On the right-hand-side of Eq.(13) we have used the
approximation A(ϕ) ≃ 1 + βϕ/MPl, which holds for
the power-law and exponential models (6)-(7) as long as
β|ϕ|/MPl ≪ 1. From Eq.(13), this corresponds to the
regime
∣∣∣∣ βϕMPl
∣∣∣∣ ∼ β2K ′ ρρ¯ r
2
r2H
≪ 1, (15)
where ρ¯ is the mean universe matter density and rH =
ctH is the Hubble radius. The K-mouflage models that
we consider typically have β . 1 and K ′ & 1 on the pos-
itive branch, χ > 0, to satisfy cosmological constraints
[13, 15]. For generic cases, K ′ remains of order unity
or greater on the negative branch, χ0 < 0, where we fo-
cus on small-scale static configurations. Thus, the ratio
β2/K ′ is typically smaller than unity. For a typical clus-
ter of galaxies, we have ρ/ρ¯ ∼ 200 and r/rH ∼ 1/3000,
which gives ρr2/ρ¯r2H ∼ 10−5. For the Solar System, up
to the Jupiter orbit, we have ρ/ρ¯ ∼ 1020 and r/rH ∼
10−14, which gives ρr2/ρ¯r2H ∼ 10−8. For the Sun, we
have ρ/ρ¯ ∼ 4 × 1029 and r/rH ∼ 5 × 10−18, which
gives ρr2/ρ¯r2H ∼ 10−5, while for the Earth we obtain
ρr2/ρ¯r2H ∼ 10−9. Therefore, the condition (15) is satis-
fied in all cases of interest considered in this paper, from
planets to galaxies and clusters, and we can truncate the
function A(ϕ) to the first-order term A(ϕ) ≃ 1+βϕ/MPl.
4D. Poisson equation
The Einstein-frame metric potential ΨN is given by the
modified Poisson equation [15]
1
a2
∇2ΨN = 4πG(δρE + δρϕ), (16)
where ρϕ = −M4K + (∂ϕ/∂t)2K ′ is the scalar field en-
ergy density. In this paper we focus on small nonlin-
ear scales, associated with galactic or astrophysical ob-
jects. In this regime, using the property (15), hence
|A − 1| ≃ β|ϕ|/MPl ≪ 1, we can write δρE ≃ δρ ≃ ρ,
as we consider high-density objects with ρ ≫ ρ¯. At low
redshifts, we also have ρ¯ϕ ≃M4 ∼ ρ¯. If χ and K remain
of order unity, we have ρϕ ∼ ρ¯ϕ ∼ ρ¯. If χ≪ −1, i.e. we
are in the nonlinear static regime of the Klein-Gordon
equation (13), we obtain:
χ ∼ β
2ρ2r2
K ′2ρ¯2r2H
and
ρϕ
ρ
∼ ρ¯K
′χ
ρ
∼ β
2
K ′
ρ
ρ¯
r2
r2H
≪ 1,
(17)
where we used Eq.(15). Therefore, in the small-scale
high-density regime the Poisson equation simplifies and
we recover the standard form
∇2
r
ΨN = 4πGρ. (18)
E. Euler equation
The pressureless Euler equation which describes the
dark matter flow on large cosmological scales reads as
[15]
∂v
∂τ
+(v ·∇)v+
(
H + ∂ lnA
∂τ
)
v = −∇(ΨN+lnA), (19)
where τ =
∫
dt/a is the conformal time, H = a˙ =
d ln a/dτ the conformal expansion rate, and v = ax˙ the
peculiar velocity. Going to physical coordinates in the
small-scale regime, and considering time scales that are
much smaller than the cosmological time scale, this yields
∂u
∂t
+ (u · ∇r)u = −∇r
(
ΨN +
c2βϕ
MPl
)
, (20)
where we have explicitly written the factors of c2 and we
have used the property (15). Here u = v+Hr = r˙ is the
physical velocity.
III. THE K-MOUFLAGE MECHANISM
A. Static case
In the static case, the Klein-Gordon equation (13) be-
comes
∇r · (∇rϕ K ′) = βρ
c2MPl
, (21)
with χ = −c2(∇rϕ)2/(2M4), and the comparison with
the Poisson equation (18) gives the relation
∇rϕ K ′ = 2βMPl
c2
(∇rΨN +∇r × ~ω) , (22)
where ~ω is a divergence-less potential vector (which must
be determined along with ϕ). In general configurations,
∇rϕ K ′ is not curl-free (because of the spatial depen-
dence ofK ′) and ~ω is nonzero. However, in special config-
urations it can be shown to vanish. In particular, this is
automatically the case in spherically symmetric systems,
which we study in Sec. III B below, as ∇r× [ω(r)er] = 0.
In the general case, we obtain from Eq.(22) the relation
∇r ×
(∇r × ~ω
K ′
)
= −∇r
(
1
K ′
)
×∇rΨN. (23)
Let us briefly consider the case of a localized nonlinear
fluctuations. On large scales, far from the central nonlin-
earities, the gravitational force ∇rΨN vanishes as 1/r2.
Then, for models that have the low-χ expansion (4), we
are in the linear regime with:
weak field: ϕ =
2βMPl
c2
ΨN, ~ω = 0, (24)
using the boundary conditions ϕ→ 0 and ΨN → 0 at in-
finity. Next, we can solve Eq.(22) for ∇rϕ as a perturba-
tive expansion over ΨN. Because χ ∝ (∇rϕ)2, only odd-
order terms are nonzero. The first-order term is given
by Eq.(24), and at third order we obtain that ∇rϕ(3)
and ∇r × ~ω(3) are the potential and rotational parts of
∇rΨN(∇rΨN)2.
The fifth force, which can be read from Eq.(20), is
Fϕ ≡ − βc
2
MPl
∇rϕ = −2β
2
K ′
(∇rΨN +∇r × ~ω) . (25)
The K-mouflage screening mechanism relies on the fact
that in the nonlinear regime the factor K ′ can be large,
which suppresses the fifth force as compared with the
Newtonian gravity, FN = −∇rΨN, with |Fϕ| ∼ |FN/K ′|.
This also applies to the rotational part, since from
Eq.(23) we have the scaling |∇r × ~ω| ∼ |∇rΨN|.
In the general case (i.e., when the density field is not
spherically symmetric), Eqs.(22) and (25) imply that the
gradient of the scalar field, ∇rϕ, and the fifth force,
Fϕ ∝ ∇rϕ, are not aligned with the Newtonian force
∇rΨN. This is because the relationship (22) between
∇rϕ and ∇rΨN involves an additional divergence-less
field ~ω that arises from the rotational part of ∇rΨN/K ′.
This makes the study of several-body problems compli-
cated, with non-parallel Newtonian force and fifth force
and an additional component ∇r × ~ω in Eq.(25).
B. Static spherical profile
We are interested in the dynamics of test objects in
the background of a denser and compact body. This body
5could be a star, a galaxy or a gas cloud. For simplicity, we
restrict ourselves to spherical configurations, so that the
solenoidal term ∇r× ~ω in Eq.(22) vanishes. We consider
a spherical matter distribution ρ(r) with the mass profile
M(r) =
∫ r
0
dr′ 4πr′2 ρ(r′). (26)
The Klein-Gordon equation (21) gives, using Stokes the-
orem,
dϕ
dr
K ′
(
− c
2
2M4
(
dϕ
dr
)2)
=
βM(r)
c2MPl4πr2
. (27)
As in [13, 15], we define a “K-mouflage screening radius”
RK by
RK =
(
βM
4πcMPlM2
)1/2
, (28)
where M = M(R) is the total mass of the object of ra-
dius R. Then, introducing the rescaled dimensionless
variables x = r/RK , m(x) =M(r)/M , φ(x) = ϕ(r)/ϕK ,
with
ϕK =M2RK/c, (29)
the integrated Klein-Gordon equation (27) reads as
dφ
dx
K ′
[
−1
2
(
dφ
dx
)2]
=
m(x)
x2
. (30)
Then, it is convenient to define the potential function
W−(y), which will play a crucial role in the following, by
W−(y) = yK
′(−y2/2), (31)
(where the subscript “-” recalls the minus sign in the
argument of K ′), so that Eq.(30) becomes
W−(y) =
m(x)
x2
with y(x) =
dφ
dx
. (32)
If the kinetic functionK(χ) obeys the weak-χ behavior
(4), we have
y → 0 : W−(y) ≃ y + ..., (33)
where the dots stand for higher-order odd terms. The
standard kinetic term corresponds toW−(y) = y without
nonlinear corrections, which describe the distinctive K-
mouflage nonlinear features.
For a given matter profile m(x), Eq.(32) provides the
radial profile of the scalar field φ(x). More precisely, as-
suming this equation can be inverted, it yields the first
derivative dφ/dx =W−1− (m/x
2) at all positions x, hence
φ(x) using the boundary condition φ(∞) = 0 at infinity,
in the vacuum far from the finite-size object. In partic-
ular, using the low-y expansion (33), we obtain at large
distances [by definition m(x) = 1 for x > R/RK ]:
x≫ 1 and x > R
RK
:
dφ
dx
= y ≃ 1
x2
, φ(x) ≃ − 1
x
.
(34)
In the standard case, where W−(y) = y, this solution is
exact down to x = R/RK . Since we consider an object
with a finite central matter density, we have m(x) ∝ x3
for x→ 0, and we obtain the small-radius behavior:
x→ 0 : dφ
dx
= y ∝ x, φ(x) ≃ φ0 + φ2 x
2
2
+ ..., (35)
where φ0 is the value of the scalar field at the center.
Thus, W− and y = dφ/dx vanish at both x = 0 and
x→ ∞. On intermediate scales, W− is strictly positive.
If the potential W−(y) is monotonically increasing up to
∞ [as in the standard case whereW−(y) = y] the solution
of Eq.(32) is unique and well defined.
Regular examples would be for instance the power-law
models (8) with:
m even and K0 < 0, or m odd and K0 > 0, (36)
which give
W−(y) = y
[
1 +K0(−1)m−1m(y2/2)m−1
]
. (37)
This function W−(y) is defined over the full real axis,
it is monotonically increasing, and it goes to +∞ for
y → +∞. Then, the scalar field derivative dφ/dx = y
can take arbitrarily large values.
Alternative models of the same class, with a monotoni-
cally increasingW−(y) up to +∞ over y ≥ 0, correspond
to cases where W−(y) diverges at a finite value y− > 0.
An example is provided by the DBI-like model (9) stud-
ied in [14], with a nonstandard sign. It corresponds to
W−(y) = y/
√
1− y2, which is monotonically increasing
up to +∞ over 0 ≤ y < 1. Then, the scalar field deriva-
tive dφ/dx cannot be greater than 1 (which also shows at
once that the fifth force becomes negligible as compared
with Newtonian gravity in strong gradient regimes).
When the function W−(y) is not monotonically in-
creasing up to +∞ over some range [0, y−[ with y− > 0
(including the case y− = +∞), there is no unique well-
defined continuous solution. In particular, for sufficiently
dense objects, if W−(y) is bounded there is no solution
that applies at all radii, whereas if W−(y) is unbounded
but not monotonic there are infinitely many discontinu-
ous solutions. We postpone the analysis of these cases to
Sec. IVA below.
Therefore, the condition for a well-defined and unique
scalar field profile for any matter overdensity is
static solution: W ′−(y) ≥ 0 and W− → +∞, (38)
over a range 0 ≤ y < y−, where y− can be finite or +∞.
The condition W ′− > 0 also reads in terms of the kinetic
function K as
static solution: K ′ > 0, K ′ + 2χK ′′ ≥ 0, (39)
over the range χ− < χ ≤ 0, where χ− = −y2−/2 is either
finite or −∞. The property K ′ > 0 comes from the fact
that starting at K ′ = 1 at x→∞ and χ→ 0, K ′ cannot
change sign nor vanish as we move closer to the object
while W− increases as m(x)/x
2 because of the definition
(31) (i.e., W− cannot go through zero as it is always
strictly positive).
6C. Corrections to Newton’s law
We now focus on the simple case where Eq.(32) has
a unique well-defined solution, which corresponds to the
models (36), or more generally to models where W−(y)
is monotonically increasing up to +∞ over an interval
[0, y−[. We discuss the corrections to Newton’s law to
check how the nonlinear K-mouflage screening mecha-
nism provides a convergence back to GR (or Newtonian
gravity) on small astrophysical scales. A test particle
outside the dense body evolves according to the non-
relativistic equation [see Eq.(20)]
d2r
dt2
= −∇rΨN − βc
2
MPl
∇rϕ. (40)
For a spherical body we can consider radial trajectories
and the scalar field gradient is given by Eq.(30), which
can also be written as
dϕ
dr
=
ϕK
RK
m(x)
x2K ′
. (41)
Outside the spherical body we have m(x) = 1 and we
obtain in agreement with Eq.(25)
βc2
MPl
dϕ
dr
=
2β2GM
K ′r2
=
2β2
K ′
dΨN
dr
, (42)
which gives the equation of motion
d2r
dt2
= −GM
r2
(
1 +
2β2
K ′
)
. (43)
This corresponds to an effective Newtonian constant
Geff(r) =
(
1 +
2β2
K ′(χ(r))
)
G (44)
that depends on the distance from the central object.
From the analysis of Sec. III B and Eq.(34), we can
see that for r ≫ RK and r > R we have dφ/dx = y ∼
1/x2 ≪ 1 and K ′ ≃ 1. Therefore, at large distance be-
yond the K-mouflage radius (28) we find an increase of
Newton’s gravity by the constant multiplicative factor
1+2β2. Within the K-mouflage radius RK , where y & 1,
K ′ becomes sensitive to the nonlinear corrections asso-
ciated with the nonstandard form of the kinetic term.
In particular, if K ′ ≫ 1, as in the models (36), the de-
viation from Newton’s force is suppressed by the factor
1/K ′ and we recover Newtonian gravity. This nonlinear
“K-mouflage screening” ensures the convergence to GR
for small and dense subgalactic and astrophysical systems
and allows the models to satisfy observational constraints
from the Solar System or dwarf galaxies. In particular,
this means that for negative χ the derivative K ′ must
become large enough to provide the required screening.
Thus, the screening criterion is
screening: r ≪ RK and K ′(χ)≫ 1 for χ≪ −1.
(45)
It is interesting to note that the constraint arising from
Eq.(44) is generically stronger than the requirement of
a unique well-defined scalar field profile for any matter
density profile, studied in Sec. III B. Indeed, to obtain an
efficient screening we must haveK ′ > K ′obs at large nega-
tive χ, where K ′obs is a lower positive bound derived from
observations to ensure a small enough deviation from GR
on astrophysical scales. Then, from the definition (31)
we obtain W− > K
′
obsy at large positive y, which implies
that W−(y) increases up to infinity when y > 0. This
does not ensure that W− is monotonically increasing, as
required for a unique well-defined solution to Eq.(32) [a
counter-example is provided by K ′ = K ′obs + α sin
2(ωχ)
with α > 0]. However, if K ′ does not show oscillations
but converges to a constant K ′∞ ≥ K ′obs or grows to
+∞ in a monotonic fashion, then W− is monotonically
increasing up to infinity.
Explicitly, for the models defined by (8) with the con-
straints (36), where the scalar field profile is unique and
well defined for any matter density profile, we find that
r > R and r ≪ RK :
K ′ ∼ (|K0|m) 12m−1
(
r
RK
)−4(m−1)
2m−1
≫ 1 (46)
inside the K-mouflage radius, and therefore the correc-
tion to Newton’s law converges to zero well inside the
K-mouflage radius (and outside of the central object).
D. Screening of astrophysical and cosmological
objects
Screening of astrophysical objects can be easily identi-
fied by requiring that the radius R of the object is smaller
than its K-mouflage radius RK , see also Eq.(45). From
Eq.(28), we obtain at z = 0,
RK
R
≈
(
βRδ
RH0
)1/2
, (47)
where RH0 = c/H0 is the Hubble radius and 1+δ = ρ/ρ¯0
is the matter overdensity (we assume δ ≫ 1). This gives
the screening condition
screening:
βRδ
RH0
≫ 1, hence R≫ RH0
βδ
or δ ≫ RH0
βR
.
(48)
In the last two expressions, we expressed the screening
condition as a lower bound on the object radius, for a
given density, or a lower bound on the density, for a given
radius. This criterion agrees with the criterion obtained
in Eq.(23) of [13] for large-scale cosmological structures.
More generally, this screening criterion is a condition on
the product (ρR); hence, M/R2 ∼ |∇ΨN|, that is, the
strength of the Newtonian gravitational force, in agree-
ment with the discussion in Sec. II.C of Ref.[13].
7Let us first consider typical astrophysical objects, such
as stars, planets or asteroids, with a density of the or-
der of ρ ∼ 1 g.cm−3, hence δ ∼ 3.6 × 1029. This yields
R ≫ 0.035β−1 cm. Since we typically have β ∼ 0.1,
this means that all astrophysical objects are far in the
screened regime. Moreover, dust grains throughout the
Solar System, such as Saturn rings, are screened by the
Sun (i.e., “blanket screening” by a nearby massive ob-
ject). Indeed, the Solar System up to Neptun’s orbit
gives δ ∼ 2 × 1018 and R/RH0 ∼ 3.5 × 10−14, hence
βRδ/RH0 ∼ 7× 104β ≫ 1.
For the Milky Way, taking R ∼ 15kpc and M ∼
1012M⊙, we obtain βRδ/RH0 ∼ 7β ∼ 1. This means
that outer regions of the Galaxy, where (ρR) decreases
as compared with the value at 15kpc, are unscreened,
whereas inner regions, where (ρR) increases somewhat,
are screened. Therefore, typical galaxies probe the tran-
sition between the screened and unscreened regimes,
whereas dwarfs should be mostly unscreened. Thus,
galaxies are promising objects to constrain such K-
mouflage models.
Finally, let us consider clusters of galaxies. With R ∼
1Mpc and δ ∼ 200, we obtain βRδ/RH0 ∼ 0.05β ≪ 1,
which means that outer regions down to the virial radius
are unscreened. This agrees with the analysis of Ref.[15],
where we noticed that large-scale cosmological structures
are unscreened and in the linear regime for the scalar
field sector [i.e., even though the matter density contrast
can be in the mildly nonlinear regime, the Klein-Gordon
equation (12) can be linearized over ϕ]. However, cluster
cores would probe the screened regime and the nonlinear
part of the kinetic function K(χ).
E. Spherical waves
1. Linear stability
We can now study the dynamics of scalar field pertur-
bations on the spherical background obtained in Sec. III.
When we consider radii outside of the object, that is,
in the vacuum (i.e., the matter density is zero through-
out space at r > R, but the background scalar field ϕ
is not zero), we can study local scalar field perturba-
tions at fixed vanishing matter density (hence there are
no coupled local matter density perturbations). We focus
on spherically symmetric fluctuations and we investigate
their linear stability. Thus, writing the scalar field as
ϕ(r, t) = ϕ¯(r) + δϕ(r, t), (49)
where ϕ¯ is the static spherical solution of Eq.(27) ob-
tained in Sec. III B, and linearizing the Klein-Gordon
equation (13), we obtain
K¯ ′
∂2δϕ
∂t2
− c
2
r2
∂
∂r
[
r2(K¯ ′ + 2χ¯K¯ ′′)
∂δϕ
∂r
]
= 0, (50)
where χ¯ and K¯ are the spherical background quantities.
This is a hyperbolic partial differential equation, which
reduces for short wavelengths to the wave equation
∂2δϕ
∂t2
− c2s
∂2δϕ
∂r2
= 0, (51)
with the position-dependent propagation speed
c2s =
K¯ ′ + 2χ¯K¯ ′′
K¯ ′
c2 =
W¯ ′−
K¯ ′
c2 =
y¯W¯ ′−
W¯−
c2, (52)
where W¯ ′− =
dW−
dy (y¯) and we have used the definition
(31). The ratio cs/c is formally the inverse of the one ob-
tained in the uniform time-dependent cosmological back-
ground [13]. However, the background values K¯ ′ and χ¯
are different and bear no relations. Indeed, in the cos-
mological context we only probe the part χ > 0 of the
kinetic function K(χ) whereas in the regime studied in
this paper, and in Eq.(52), we have χ < 0.
For the models such as (36), where W−(y) is mono-
tonically increasing up to +∞ over [0, y−[ and there is a
unique well-defined scalar field profile, we have W¯ ′− > 0
and K¯ ′ > 0. Therefore, c2s is positive and Eq.(51) gives
rise to traveling waves. Thus there are no spherical in-
stabilities at the linear level. More generally, the condi-
tion for linear stability is automatically satisfied once the
conditions for a well-defined static profile are verified, see
Eqs.(38) and (39):
linear stability: K ′ > 0, W ′− ≡ K ′ + 2χK ′′ ≥ 0, (53)
over the range χ− < χ ≤ 0, 0 ≤ y < y−.
2. Superluminality
At large radius r → ∞, where we have χ¯ → 0 and
the expansion (4), we obtain cs → c. At finite radius,
since χ¯ < 0, the propagation speed is smaller than the
speed of light if K¯ ′′ > 0, and greater if K¯ ′′ < 0. For the
explicit models (36) we have K¯ ′′ < 0 hence cs > c. More
generally, if we consider non-polynomial functions K(χ)
with a power-law behavior at large negative χ, we have
χ→ −∞ : K ∼ −|χ|m, c2s ∼ (2m− 1)c2, (54)
where m is not necessarily an integer. Then, the re-
quirement for small-scale high-density screening (44) im-
plies m ≥ 1, which also ensures that W−(y) ∼ y2m−1 is
monotonically increasing up to +∞, and cs ≥ c. There-
fore, simple K-mouflage models that can accommodate
arbitrary matter density profiles and display nonlinear
screening have propagation speeds greater than the speed
of light for scalar field perturbations, see also [14].
This is actually a generic feature of K-mouflage models.
Indeed, Eq.(52) also reads as c2s = 1 + 2χ¯K¯
′′/K¯ ′, and
since χ¯ < 0 in the quasistatic regime, a propagation speed
smaller than the speed of light requires that K¯ ′′ and K¯ ′
be of the same sign. In models whereK ′(χ) > 0 (to avoid
ghosts in the cosmological regime, χ > 0, and to avoid
8divergences and instabilities at the point where K ′ would
go through zero to change sign), this implies K ′′ > 0
over χ < 0. Then, K ′(χ) is a monotonically increasing
function on the negative real axis, whence 0 < K ′(χ) <
K ′(0) = 1 for χ < 0. This prevents any nonlinear K-
mouflage screening, which relies on the condition |K ′| ≫
1 in small-scale high-density environments, see Eq.(44).
Therefore, realistic models with efficient screening
must show superluminality. Of course, it is always pos-
sible to have cs < c over some limited range, but this
cannot hold for all regimes χ < 0.
IV. GENERALIZED SOLUTIONS
A. Cases where W−(y) cannot be inverted
As described in Sec. III B, when the function W−(y)
defined by Eq.(31) is monotonically increasing up to +∞
over 0 ≤ y < y−, where y− can be finite or +∞, Eq.(32)
can be inverted and we obtain a well-defined static profile
for the scalar field for any matter density profile.
This is no longer possible whenW−(y) is not monoton-
ically increasing up to +∞. Two different cases can be
encountered, depending on whether W−(y) is bounded
or not.
1. No solution when W−(y) is bounded
The first case where W−(y) is not monotonically in-
creasing up to +∞ corresponds to functions W−(y) that
are bounded, with |W−(y)| ≤ Wmax for all y ≥ 0 [be-
cause W−(y) is an odd function of y, it is sufficient to
consider the range y ≥ 0]. Then, for high-density objects
where m(x)/x2 can reach values beyond Wmax, no solu-
tion can be found to Eq.(32) and there exists no static
scalar field profile that is valid throughout space. How-
ever, at small and large radii, where the Newtonian grav-
itational force is small enough [i.e., m(x)/x2 is below the
maximumWmax], one can still define a local static profile,
that is, a local solution to Eq.(32).
Thus, kinetic functions K(χ) that enter this class can-
not provide realistic models, or they are incomplete and
one must add higher-order corrections that ensure a bet-
ter behaved W−(y), so as to provide a well-defined static
profile for the scalar field for any matter density profile
and at all radii.
2. Infinite number of discontinuous solutions when W−(y)
is not bounded and non-monotonic
The second case whereW−(y) is not monotonically in-
creasing up to +∞ corresponds to functions W−(y) that
are not bounded, so that at each radius one can always
find at least one solution y(x) to Eq.(32), but W−(y) is
not monotonically increasing over y ≥ 0. Then, for high-
density objects, starting from x → +∞ and y ≃ 1/x2,
as we move closer to the object and m(x)/x2 increases,
we meet the first local maximum y
(1)
max of W−(y) at some
point x1. We can extend the solution y(x) to smaller
radii by allowing for discontinuous solutions y(x), with
y(x+1 ) = y
(1)
max and by jumping at x
−
1 to a point y
that is at a finite distance from y
(1)
max, within an inter-
val where the function W−(y) runs from W
(2)
min to W
(2)
max
with W
(2)
min < W
(1)
max < W
(2)
max. If there are several local
maxima, we can build a solution with several jumps.
If W−(y) → −∞ on the positive axis y ≥ 0, we even-
tually need to jump to the negative axis y < 0 to find an
interval where W−(y)→ +∞, which provides a solution
for any matter density profile. A negative y also implies a
negative K ′ from Eq.(31), because W− = m(x)/x
2 is al-
ways strictly positive. This means that the fifth force de-
creases Newtonian gravity, that is, the effective Newton’s
constant is smaller than G (or negative) from Eq.(44).
These solutions are not unique and we can actually
build an infinite number of them. Indeed, instead of
jumping at position x1 when we reach the local maxi-
mum W
(1)
max, we could have chosen to make the jump at
any slightly larger radius x & x1, such that W−[y(x)] >
W
(2)
min.
To ensure the linear stability of such solutions with re-
spect to radial perturbations, we can see from Eq.(52)
that we must always have yW ′− ≥ 0. This implies, for in-
stance, that as we patch together several intervals on the
positive real axis y ≥ 0 to build a discontinuous profile,
we must only use intervals where W−(y) is increasing,
with W ′− ≥ 0. In a similar fashion, intervals on the neg-
ative real axis must satisfy W ′− ≤ 0.
B. Steady-state solutions
In the previous sections we considered the static so-
lutions of the Klein-Gordon equation (13), given by
Eqs.(21) or (27). However, for a static density profile it
is possible to find more general “steady-state” solutions
for the scalar field, of the form:
ϕ(r, t) = νt+ ϕˆ(r), (55)
where the time-independent function ϕˆ obeys
∇r · (∇rϕˆ K ′) = βρ
c2MPl
with χ =
ν2 − c2(∇rϕˆ)2
2M4 .
(56)
Thus, the scalar field shows a linear time dependence,
with a space-independent pre-factor, in addition to the
time-independent but space-dependent part ϕˆ. Because
the kinetic variable χ in Eq.(14) only involves first-order
derivatives, the Klein-Gordon equation (56) does not
show any time dependence, even though the field ϕ in-
cludes a linear time-dependent term. Moreover, the fifth
9force, which is set by −∇rϕ as in Eqs.(20) and (40), is
also time-independent.
Then, for a given static density profile ρ(r) we
can build an infinite number of steady solutions,
parametrized by the constant ν. In particular, in
the cases where the function W−(y) defined in Eq.(31)
is bounded and we could find no static solution in
Sec. IVA1, we can now find an infinite number of so-
lutions by choosing large values of ν2, if the derivative of
the kinetic function K ′(χ) goes to +∞ on the positive
semi-axis χ > 0, which is required to obtain a realistic
cosmology up to high redshifts [13, 15].
To remove any ambiguity, we must note that on large
scales, within the cosmological setting, the scalar field is
actually time-dependent as it follows the evolution of the
cosmological background. More precisely, at the back-
ground level the scalar field ϕ¯ is the solution of the evo-
lution equation [13]
cosm. background: a3 ˙¯ϕK¯ ′ = −
∫ t
0
dt′ ρ¯0
dA¯
dϕ¯
(t′), (57)
which gives
ϕ¯ ∼ − βρ¯t
2
MPlK¯ ′
, ν¯ ≡ ˙¯ϕ ∼ − βρ¯t
MPlK¯ ′
, (58)
where we defined ν¯ as the time-derivative of the cosmo-
logical background value of the scalar field, and t is the
age of the Universe at the redshift of interest. This uni-
form cosmological time dependence, which we actually
neglected in this paper, must be distinguished from the
factor νt in the generalized solutions (55), which would
arise from the small-scale nonlinearities. Indeed, the lat-
ter should be understood as a hypothetical feedback from
small nonlinear scales up to cosmological scales of order
ct, the propagation speed of scalar field fluctuations be-
ing of order c. Thus, from Eq.(56) the coefficient ν that
would arise from small-scale nonlinearities would be of
order
ν ∼ cϕˆ
r
∼ βρr
cMPlK ′
, (59)
whence
ν
ν¯
∼ ρ
ρ¯
r
ct0
. (60)
For the Solar System, up to the Jupiter orbit, we have
ρ/ρ¯ ∼ 1020 and r/(ct0) ∼ 10−14, whence ν/ν¯ ∼ 106.
Thus, the cosmological value ν¯ is indeed negligible as
compared with the small-scale value ν that is required to
build a truly generalized solution (55), where the time-
dependent term νt cannot be neglected as compared with
the static term ϕˆ.
Because the constant ν in Eq.(55) cannot depend on
space the time-dependent part νt extends over all space.
More precisely, in the cosmological setting, it extends up
to scales of order ct, over which the system has had time
to relax, where t is the age of the Universe. Indeed, if
we consider several nonlinear matter overdensities, sepa-
rated by large distances, each one being at the center of
domains Vi characterized by different values νi, we find
below from Eq.(74) that the discontinuity fronts between
these regions cannot be motionless. Then, this would no
longer yield a time-independent fifth force, because of the
Dirac component along the moving domain boundaries.
However, one would expect the system to relax towards
a unique value ν within a cosmological domain of size ct,
which would cover the observed Universe.
Fortunately, our numerical analysis, presented in
Sec. VB 4 below, shows that such solutions are not
achieved, even in the case where there is no static so-
lution throughout all space because the function W−(y)
is bounded. We will find that in such cases the system
relaxes to the static solution at larger distance from high-
density regions, where it is well defined, while shocks
and ever-increasing gradients are confined to small scales
close to the objects. Thus, even in these somewhat patho-
logical cases, the small-scale nonlinearities and singulari-
ties do not propagate to large scales and have no impact
on the cosmological behavior.
V. DYNAMICS AND RELAXATION OF THE
SCALAR FIELD PROFILE
A. Characteristics
To check whether the solution with ν = 0 is indeed
reached by the system, and what the obtained behavior
is in cases where there is no well-defined static solution
[i.e., W−(y) is not monotonically increasing up to +∞],
we consider in this section the relaxation of the scalar
field profile. To study the evolution with time of the
scalar field, within a given matter density background
(that may depend on time), we must solve the Klein-
Gordon equation (13). For a spherically symmetric den-
sity profile this also writes as
∂
∂t
(
∂ϕ
∂t
K ′
)
− c
2
r2
∂
∂r
(
r2
∂ϕ
∂r
K ′
)
= − βρ
MPl
, (61)
with
χ =
1
2M4
[(
∂ϕ
∂t
)2
− c2
(
∂ϕ
∂r
)2]
. (62)
For an object of mass M , making the same changes of
variables as in Eq.(27) in terms of the K-mouflage radius
RK defined in Eq.(28) and the scalar field normalization
ϕK of Eq.(29), with x = r/RK , φ(x) = ϕ(r)/ϕK , and
τ = ct/RK , Eq.(61) takes the dimensionless form
∂
∂τ
(
∂φ
∂τ
K ′
)
− 1
x2
∂
∂x
(
x2
∂φ
∂x
K ′
)
= −η, (63)
with
η(x, τ) = ρ(r, t)
4πR3K
M
. (64)
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This is a quasilinear second-order equation because by
expanding all terms we can see that the second-order
derivatives only appear linearly in the partial differential
equation.
It is convenient to transform the second-order equation
(63) as a system of two first-order equations, by introduc-
ing
u =
∂φ
∂τ
, v =
∂φ
∂x
, χ =
u2 − v2
2
, (65)
which gives
∂
∂τ
(x2uK ′) +
∂
∂x
(m− x2vK ′) = 0, (66)
∂v
∂τ
− ∂u
∂x
= 0, (67)
where m(x, τ) =
∫ x
0 dx
′ x′2η(x′, τ) = M(< r, t)/M
is the mass within the radius r normalized as in
Eq.(30). Here we have written the system (66)-(67) in
a flux-conservative form, with the conserved densities
{x2uK ′, v} and the fluxes {m− x2vK ′,−u}. Such forms
are better suited to numerical computations.
The expanded form reads as the quasi-linear first-order
system
(K ′+u2K ′′)
∂u
∂τ
−K ′′uv
(
∂u
∂x
+
∂v
∂τ
)
− (K ′−v2K ′′)∂v
∂x
=
2
x
vK ′ − η, (68)
∂v
∂τ
− ∂u
∂x
= 0. (69)
This system can be analyzed by the method of charac-
teristics. The two trajectory characteristics are(
dx
dτ
)
±
= c± ≡ −K
′′uv ±
√
K ′[K ′ +K ′′(u2 − v2)]
K ′ + u2K ′′
,
(70)
and we have the two evolution equations along both sets
of characteristics
du+ c∓dv =
(2/x)vK ′ − η
K ′ + u2K ′′
dt along dx = c±dt. (71)
Equations (68)-(69) form a first-order hyperbolic system
when the characteristic speeds c± are real and an elliptic
system when they are complex. Therefore, to obtain a
well-defined Cauchy problem, that is, the evolution of the
scalar field can be obtained from an initial condition by
solving these differential equations forward in time, the
argument of the square root in Eq.(70) must always re-
main positive. If this is not the case, that is, at some time
we obtain a negative argument over some interval in x,
we can no longer solve the evolution of the scalar field at
later times as we obtain an elliptic problem that requires
boundary conditions over all boundaries (unless this do-
main closes at a later finite time and we can solve the left
and right boundaries from the hyperbolic domains). For
the standard kinetic term, where K ′ = 1 and K ′′ = 0,
the characteristic speeds are constant with c± = ±1 and
we obtain a simple Cauchy problem.
If we start from the static profiles described in
Sec. III B, given by Eq.(32), with a zero time-derivative,
we have u = 0, v = y, and W ′− = K
′ − y2K ′′ [where we
again note W ′−(y) = dW−/dy], so that the characteristic
speeds are
on static profile: c± = ±
√
W ′−
K ′
, (72)
where we used the property K ′ > 0 (to ensure a well-
defined static profile and to avoid a divergent fifth force,
see Sec. III). Since we also have W ′− ≥ 0 we obtain a
well-defined Cauchy problem for the evolution close to
this static profile. Moreover, we obtain c2± = c
2
s, where
cs defined in Eq.(52) is the propagation speed of radial
waves around the static profile.
More generally, to ensure the hyperbolicity of the dif-
ferential equation (63) for any initial condition and at
any time, we must have K ′(K ′ + 2χK ′′) ≥ 0 for all val-
ues of χ, both on the negative and positive semi-axis. If
we consider models where K ′ ≥ 0, to avoid ghosts in the
cosmological regime χ > 0, and to ensure a well-defined
profile in the static regime χ < 0, this condition reads as
K ′+2χK ′′ ≥ 0 over the whole real axis for χ. This is in
fact the only possibility. Indeed, if we only require that
the product K ′(K ′ + 2χK ′′) remains positive, starting
fromK ′ = 1 at χ = 0, we can see that K ′ and K ′+2χK ′′
must vanish at the same point χ0 if K
′ can change sign.
Then, writing K ′ ∼ K ′0(χ−χ0)n around χ0, with n ≥ 2,
we have K ′(K ′ + 2χK ′′) ≃ K ′20 2nχ0(χ − χ0)2n−1 which
changes sign at χ0 and does not satisfy the positivity
constraint. Therefore, the hyperbolicity condition reads
as
hyperbolicity: K ′ ≥ 0, K ′ + 2χK ′′ ≥ 0, (73)
for all values of χ, from χ− to χ+ where χ± may be finite
or ±∞, depending on the domain of definition of K(χ).
As could be expected, this is a stronger constraint than
the condition for a well-defined static profile and stable
fluctuations, which only read as K ′+2χK ′′ ≥ 0 over the
negative real axis χ− < χ < 0, see Eqs.(39) and (53).
For nonstandard kinetic functions K(χ) the charac-
teristic speeds c± are not constants and two different
characteristics of the same set may cross, leading to the
formation of shocks. Then, from the flux-conservative
form (66)-(67), across a shock at position xs(τ) moving
at speed dxs/dτ , we have the discontinuity conditions
[vK ′] = −dxs
dτ
[uK ′], [u] = −dxs
dτ
[v], (74)
which implies
[vK ′]
[uK ′]
=
[u]
[v]
, (75)
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where we noted [X ] = X(x+s ) − X(x−s ) the discontinu-
ity of a quantity X through the shock. In particular, if
the shock is motionless u and vK ′ are continuous. The
continuity of u through motionless shocks implies that
several steady-state solutions of the form (55) with differ-
ent values of ν cannot be patched over time-independent
domains.
B. Numerical analysis
1. Matter density background
As numerical examples of the relaxation of the scalar
field within a given matter density background, we con-
sider the static Gaussian matter density profiles
ρstatic(r) = ρ0 e
−r2/R2 , (76)
which read in terms of the dimensionless variables x and
η, as
x =
r
RK
, ηstatic(x) =
4√
π
(
RK
R
)3
e−(xRK/R)
2
. (77)
Here, R is the characteristic radius of the overdensity.
For a large ratio R/RK ≫ 1, the dimensionless over-
density has a small amplitude ηstatic(0) ≪ 1 and a wide
characteristic size x ∼ R/RK ≫ 1, and we are in the
unscreened weak-field regime, with |χ| ≪ 1 and K ′ ≃ 1.
For a small ratio R/RK ≪ 1, we have a high amplitude
ηstatic(0) ≫ 1 and small size R/RK ≪ 1, and we are
in the screened strong-field regime, with |χ| ≫ 1 and
K ′ ≫ 1.
We can study the relaxation of the scalar field in this
fixed matter density background, starting with a uniform
scalar field configuration, with u = v = 0 at τ = 0. How-
ever, in realistic cases the matter density fluctuations are
not built instantaneously but on a long formation time-
scale tf that gives time to the scalar field to follow the
matter evolution through a series of quasistatic states.
To describe this more realistic configuration, we define
the matter density background to reach the final static
state (76)-(77) only after a time tf , and at ealier times
we write
t < tf : ρ(r, t) =
t
tf
ρstatic(r), (78)
τ < τf : η(x, τ) =
τ
τf
ηstatic(x). (79)
The formation time tf cannot be arbitrarily small be-
cause matter cannot inflow from larger scales at arbi-
trarily large velocities, to build the central overdensity.
Defining the typical matter velocity as vf = αfc, with
αf < 1, and the typical formation time as tf = R/vf , we
have
τf =
1
αf
R
RK
=
τφ
αf
, with τφ =
R
RK
. (80)
Here τφ is the typical time scale for the scalar field relax-
ation, that we estimate from Eq.(63) as τφ ∼ x ∼ R/RK .
The simplified model (79)-(80) describes the formation
of a local overdensity as matter flows inward from a low-
density background, on the time-scale tf . For small val-
ues of αf , τf becomes very large and the scalar field has
the time to follow the growth of the matter overdensity
through a sequence of quasistatic states. In the follow-
ing figures we consider the conservative case αf = 0.1,
but for the formation of galaxies or clusters of galaxies,
where velocities are on the order of a few hundred km/s,
we would have αf ∼ 10−3.
As can be read from Eqs.(66)-(67), in agreement with
Eq.(30), the static scalar field profile φstatic(x) associated
with a given matter density profile is given by:
static: u = 0, vK ′(−v2/2) = m(x)/x2. (81)
At times τ ≫ τf , long after the matter density profile
has reached the static configuration (77), we expect the
scalar field to have relaxed to the static solution (81).
For small enough αf , that is, large formation time-scales,
we also expect the scalar field to follow the evolution of
the matter profile by going through the sequence of static
solutions (81), where m(x, τ) slowly evolves with time.
2. Relaxation when W−(y) monotonically increases to +∞
over 0 ≤ y < +∞
As an example of a nonstandard kinetic function K(χ)
such that W−(y) is monotonically increasing up to +∞,
so that there is a unique well-defined static solution for
any matter density profile, which is also linearly stable
to radial fluctuations, we consider the model (8) with
K0 = 1 and m = 3,
K(χ) = −1 + χ+ χ3. (82)
In Fig. 1 we plot the evolution with time of the fields
u(x, τ), v(x, τ), and c±(x, τ), for the Gaussian matter
profile (77), with either R/RK = 0.5 or R/RK = 1.5.
This matter overdensity is built up over the time τf , start-
ing at τ = 0, as in Eq.(79), and we choose αf = 0.1 in
Eq.(80). We also take for the initial condition of the
scalar field u = v = 0 at τ = 0.
In both cases, R/RK = 0.5 or R/RK = 1.5, we find
that the scalar field relaxes to the static solution (81) at
late times, τ > τf . At earlier times, the scalar field ap-
proximately follows the evolution of the matter density
profile through the sequence of quasistatic states (81).
There is a small but noticeable mismatch because the
time-scale τf is rather short (αf = 0.1 is not an extremely
small number), so that the scalar field does not have the
time to fully relax to the quasistatic solutions until about
2τf . This incomplete relaxation at early times mainly ap-
pears in the scalar field time-derivative u and the char-
acteristic speeds c±, whereas the spatial gradient v is
always rather close to the quasistatic solution.
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FIG. 1: Time evolution of the scalar field derivatives and of the characteristic speeds, for the polynomial kinetic function (82)
and the Gaussian matter profiles (77), with R/RK = 0.5 (left panels) and R/RK = 1.5 (right panels), starting with the initial
condition u = v = 0 at τ = 0. We choose a formation time-scale τf in Eq.(80) with αf = 0.1. Upper panels: time derivative
u(x, τ ) = ∂φ/∂τ as a function of radius, at times τ = 0.25, 0.5, 1 and 2× τf . Middle panels: spatial derivative v(x, τ ) = ∂φ/∂x.
The solid lines are the quasistatic profiles defined by Eq.(81) at τ = 0.25, 0.5 and 1×τf [these quasistatic solutions remain equal
to the final static solution defined by Eqs.(77) and (81) after τf ]. Lower panels: characteristic speeds c±(x, τ ) from Eq.(70).
The solid lines are the results (72) on the final static profile (77).
At large distance, the matter density and the scalar
field vanish and we recover the weak-field limit, with
characteristic speeds c± = ±1.
For small values of R/RK (left panels), associated with
high overdensities η and the nonlinear screened regime,
we probe the nonlinearities of the kinetic function K.
Then, the gradients of the scalar field are large (of or-
der unity or greater) and the characteristic speeds c±
significantly depart from ±1. For large values of R/RK
(right panels), associated with low overdensities η and
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the linear unscreened regime, we mostly probe the linear
part of the kinetic function K and nonlinearities are very
weak. Then, the gradients of the scalar field are smaller
than unity and the characteristic speeds c± always re-
main close to ±1.
3. Relaxation for the DBI+ model: W (y) monotonically
increases to +∞ over 0 ≤ y < y− with a finite y−
We now consider the case of the “DBI+” model (9)
[14], where
DBI+ : K(χ) =
√
1 + 2χ− 2, W−(y) = y√
1− y2 .
(83)
This is an example of the cases where the functionW−(y)
is again monotonically increasing up to +∞, hence there
is a well-defined static profile, but y− is finite (here y− =
1), which implies that the scalar field spatial gradients
are bounded. We again consider the Gaussian matter
profiles (77), with R/RK = 0.5 and 1.5, in Fig. 2.
Because of the divergence ofW−(y) at the upper bound
y− = 1 the nonlinearities are stronger than in the polyno-
mial case studied in Sec. VB 2 and appear at greater val-
ues of R/RK (as shown by the comparison of the charac-
teristic speeds c± in the case R/RK = 0.5). Nevertheless,
we obtain the same qualitative behavior as for the poly-
nomial kinetic function (82). In both cases, the scalar
field relaxes to the static profile (81). For large values
of R/RK , in the unscreened linear weak-field regime, the
characteristic speeds c± always remain close to ±1. For
small values of R/RK , in the screened nonlinear strong-
field regime, the characteristic speeds significantly de-
part from ±1. However, because αf ≪ 1 the scalar field
is able to follow the evolution of the matter profile by
approximately going through the sequence of quasistatic
solutions and no shocks appear.
In contrast, our numerical computations of the extreme
case τf = 0, where the evolution is far from quasistatic,
again show that for small values of R/RK , in the screened
nonlinear strong-field regime, the time evolution is much
more violent. Then, transient shocks appear with char-
acteristic speeds that significantly depart from ±1 and
show non-monotonic behaviors. Moreover, the relaxation
does not proceed in a uniform manner (at small radii the
field gradients significantly “overshoot” the static gradi-
ents whereas at large radii they smoothly converge to
the static value). However, we find that at late times the
scalar field again relaxes to the final static solution.
4. Relaxation and runaway for the DBI− model: W−(y) is
bounded
Finally, we consider the case of the “DBI−” model (10),
where
DBI− : K(χ) = −
√
1− 2χ, W−(y) = y√
1 + y2
.
(84)
This is an example of the cases where the functionW−(y)
is monotonically increasing but shows a finite upper
bound. As seen from the analysis in Secs. III B and
IVA1, this means that for low overdensities, where we
probe the linear regime of the kinetic function, we find
a well-defined static profile, but for high overdensities,
where the right-hand side in Eq.(32) can reach values
that are greater than the maximum of W−(y), there is
no static solution that is valid throughout all space. We
again consider the Gaussian matter profiles (77), with
R/RK = 0.5 and 1.5, and we display the time evolution
in Fig. 3.
For large values of R/RK (right panels), in the weak-
field regime where we do not probe the upper bound of
W−(y), we obtain the same qualitative behavior as for
the polynomial kinetic function (82). In both cases the
scalar field relaxes to the static profile (81) through a
regular time evolution and the characteristic speeds c±
always remain close to ±1.
For small values of R/RK , in the screened nonlinear
strong-field regime, we are sensitive to the upper bound
of W−(y). Then, on intermediate scales r ∼ R, where
the ratio m(x)/x2 (which is also given by the Newto-
nian force) is the greatest, there is no solution to the
static equation (32) at late times, τ & 0.7 × τf , when
the matter overdensity has reached large-enough values.
Thus, for τ ≥ τf the static solution vstatic(x) shown in
the middle left panel is only defined over the two intervals
[0, x−[ and ]x+,+∞[, with v(x) = y(x)→∞ for x→ x±,
whereas for τ = 0.25 and 0.5×τf the quasistatic solutions
are well defined over all space. Moreover, from Eq.(72),
on the quasistatic profiles the characteristic speeds are
c± = ±1/
√
1 + y2. Therefore, for τ & 0.7×τf the charac-
teristic speeds vanish at the boundaries of the ill-defined
region, c±(x)→ 0 for x→ x±.
Then, we can see on the left panels in Fig. 3 that at
early times, τ . 0.7τf , when the quasistatic solutions
are well defined over all space, the scalar field approxi-
mately follows these quasistatic solutions as in the right
panels and as in the cases displayed in Figs.1 and 2. At
later times, when the quasistatic solutions are only de-
fined on two disjoint intervals [0, x−[ and ]x+,+∞[, the
scalar field keeps following the quasistatic solution on the
outer range ]x+,+∞[ but deviates from it on the inner
range [0, x−[ while shocks appear in the ill-defined region
]x−, x+[. Then, at late times τ > τf , when the mat-
ter profile no longer evolves, the scalar field relaxes to
the static profile on the outer interval ]x+,+∞[, while
it never reaches a static state at smaller radii x < x+,
including in the inner region [0, x−[ where a static profile
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FIG. 2: Time evolution of the scalar field derivatives and of the characteristic speeds, for the “DBI+” kinetic function (83)
and the Gaussian matter profiles (77), with R/RK = 0.5 (left panels) and R/RK = 1.5 (right panels), starting with the initial
condition u = v = 0 at τ = 0 and with αf = 0.1. Upper panels: time derivative u(x, τ ) = ∂φ/∂τ as a function of radius, at
times τ = 0.25, 0.5, 1 and 2× τf . Middle panels: spatial derivative v(x, τ ) = ∂φ/∂x. The solid lines are the quasistatic profiles
defined by Eq.(81). Lower panels: characteristic speeds c±(x, τ ) from Eq.(70). The solid lines are the results (72) on the final
static profile.
could be defined. As could be expected, the scalar field
spatial gradient v(x, τ) keeps increasing at radii x . x+,
in the endless attempt to find large-enough values of W−
to satisfy Eq.(32), and the time derivative u(x, τ) does
not converge to zero. At small radii we have u(x) ≃ −1
because the spatial derivative v(x) vanishes for x → 0
and χ = (u2 − v2)/2 is bounded from above by 1/2, as
seen from the definition (84) of the DBI− kinetic func-
tion. Again, the nonlinearities lead to the formation of
shocks, which remain present at late times in the inner
region below x+ where there is no convergence to a static
state.
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FIG. 3: Time evolution of the scalar field derivatives and of the characteristic speeds, for the “DBI−” kinetic function (84)
and the Gaussian matter profiles (77), with R/RK = 0.5 (left panels) and R/RK = 1.5 (right panels), starting with the initial
condition u = v = 0 at τ = 0 and with αf = 0.1. Upper panels: time derivative u(x, τ ) = ∂φ/∂τ as a function of radius, at
times τ = 0.25, 0.5, 1 and 2× τf . Middle panels: spatial derivative v(x, τ ) = ∂φ/∂x. The solid lines are the quasistatic profiles
defined by Eq.(81). Lower panels: characteristic speeds c±(x, τ ) from Eq.(70). The solid lines are the results (72) on the final
static profile.
This numerical analysis also shows that the system
does not converge towards the generalized solutions of
the form (55), with a large-enough uniform value ν for
the time-derivative of the scalar field, to achieve a steady-
state solution that applies at all radii. This is actually
a nice feature because such states would imply a loss of
predictability of the model, as the coefficient ν could not
have been predicted from the static matter density pro-
file alone and would have shown some dependence on the
history of the system.
The convergence towards the static solution in the
outer range x > x+ means that if we restrict to outer
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radii this DBI− model provides a well-defined static limit
and is a predictive model. However, the model is not
completely predictive in the inner range x < x− because
of the runaway behavior, which depends on the initial
conditions (e.g., the time of formation of the matter over-
density and the initial scalar field state). Because the
gradients are large in this regime the fifth force is typi-
cally suppressed by the factor 1/K ′ but since there is a
crossover from the outer spatial part where χ < 0 to the
inner time-like part where χ > 0 there exists a thin shell
where the fifth force would be large and even divergent.
Alternatively, we can assume that for large gradients
the expression (84) is no longer correct and higher-order
contributions come into play that enable the relaxation
towards a static solution. The results shown in Fig. 3
suggest that this would only regularize the inner region
0 ≤ x ≤ x+ while keeping unaffected the outer region
x > x+, where the scalar field would remain on the static
solution given by the “low-gradient” approximation (84).
In this framework, our results suggest that there would be
an efficient separation of scales, so that on large scales far
from overdensities, in the moderate nonlinear regime, the
scalar field can be described by the ‘low-gradient” kinetic
function (84), whereas close to high-density objects one
must either go beyond the quasistatic approximation (at
the expense of some loss of predictivity, because of the
dependence on the details of the initial conditions) or
introduce a higher-order regularisation.
Another shortcoming of this model is that for large
negative χ the derivative K ′ goes to zero. Therefore,
there is no efficient screening in the static nonlinear
regime, and the fifth force actually becomes large as com-
pared with the Newtonian force. Thus, this model cannot
provide a realistic scenario.
5. Models with K′ < 0 or W ′− < 0
We do not consider models where K ′ or W ′− can reach
negative values. Indeed, this yields complex characteris-
tic speeds at some point during the time evolution, see
Eqs.(70) and (72), and the system is no longer hyper-
bolic. This means that the discontinuous solutions found
in Sec. IVA 2 are not physical and must be disregarded.
We consider such models of K(χ) badly behaved and
unrealistic for physical applications.
6. Top-hat matter density profiles
We also computed the relaxation of the scalar field
when, instead of the Gaussian profiles (76)-(77), the mat-
ter density obeys a top-hat profile, given by
r < R : ρ(r) = ρ0, r > R : ρ(r) = 0, (85)
which reads in terms of the dimensionless variables x and
η as
x <
R
RK
: η(x) = 3
(
RK
R
)3
, x >
R
RK
: η(x) = 0.
(86)
We considered the same three kinetic functions as in
Secs. VB 2, VB3, and VB4.
We always find similar behaviors to the cases of the
Gaussian matter profiles (76), with a relaxation towards
the static solution when it exists. When the static so-
lution only exists on two disjoint intervals [0, x−[ and
]x+,+∞[, we again find that the scalar field converges to
the static solution on the outer range. When the size of
the object is greater than its K-mouflage radius, R & RK ,
we probe the unscreened weak-field regime and the char-
acteristic speeds c± remain close to ±1. When the size of
the object is smaller than its K-mouflage radius, R . RK ,
we probe the screened strong-field regime and the char-
acteristic speeds c± show significant departures from ±1.
7. Very large or small formation time for the matter
density profile
We also computed the relaxation of the scalar field
when the formation time-scale τf of the matter profile
is ten times greater than in Figs.1, 2, and 3, that is,
αf = 0.01. As expected, we find that the scalar field
follows the quasistatic solutions to a greater accuracy,
because it has more time to relax as compared with the
evolution time-scale of the matter profile. At late times,
it again relaxes to the static solution when the latter
exists over all space. In the DBI− model of Fig. 3, when
the final static solution is only defined on two disjoint
intervals [0, x−[ and ]x+,+∞[, we again find that the
scalar field only converges to the static solution on the
outer range, while shocks appear at smaller radii and
gradients keeps growing with time.
We also considered the opposite case where the matter
density profile (77) is built instantaneously, i.e. τf = 0.
This is a somewhat academic exercise, because in practice
the formation time-scale τf is expected to be of the order
or greater than the scalar-field relaxation time-scale τφ,
see Eq.(80). However, on small scales for non-spherical
configurations it might happen that the scalar field takes
more time to relax than is suggested by the simple dimen-
sional analysis of Eq.(80), therefore it remains interesting
to check the limiting case τf = 0.
Then, our numerical computations show that in the
nonlinear regime (i.e., for small values of R/RK), the
relaxation proceeds in a more violent fashion than the
quasistatic evolution associated with the cases αf ≪ 1.
In particular, strong time and spatial gradients of the
scalar field appear at transient stages and the charac-
teristic speeds c± show strong deviations from ±1 and
non-monotonic regions. As usual for nonlinear trans-
port equations, this gives rise to transient shocks at small
17
radii, in the nonlinear regime. At late times, these tran-
sient shocks disappear as the scalar field relaxes to the
static solution. For large values of R/RK , even with
an instantaneous matter density structure formation, no
shocks appear and the relaxation towards the static solu-
tion proceeds in a very regular manner, as we only probe
the linear unscreened regime and the linear part of the
kinetic function K and the characteristic speeds always
remain close to ±1 (which prevents shock formation).
Again, in the DBI− model of Fig. 3, when the final
static solution is only defined on two disjoint intervals
[0, x−[ and ]x+,+∞[, the scalar field only converges to
the static solution on the outer range, while at smaller
radii shocks are present at all times and gradients keeps
growing with time.
VI. A SUMMARY OF K-MOUFLAGE
PROPERTIES
We summarize below the main properties of K-
mouflage models that we have obtained, both for the
background cosmology studied in [13, 15] and for the
small-scale screening regime described in this paper. We
first describe power-law and DBI-like models, and next
give the general results that we have obtained.
A. Cosmological properties along χ > 0
1. K(χ) ∼ K0χ
m with K0 > 0 and m > 1
The constraint m > 1 arises from the requirement
that ρ¯ϕ ≪ ρ¯ at early times (i.e., we recover the matter-
dominated Einstein-de Sitter expansion).
• At early times, the background field satisfies ϕ¯ < 0
and ˙¯ϕ < 0, ρ¯ϕ > 0, ρ¯
eff
ϕ < 0. More precisely, at
t ≪ t0 far in the matter-dominated era, we have
˙¯ϕ ∼ −t−1/(2m−1), ρ¯ϕ ∼ −ρ¯effϕ ∼ t−2m/(2m−1).
• The effective equation of state parameter has
weffϕ < −1 at low redshift.
• There are no ghosts (because K¯ ′ > 0 and K¯ ′ +
2χ¯K¯ ′′ > 0).
• The formation of large-scale cosmological struc-
tures is enhanced.
2. K(χ) ∼ K0χ
m with K0 < 0 and m > 1
• At early times, the background field satisfies ϕ¯ > 0
and ˙¯ϕ > 0, ρ¯ϕ < 0, ρ¯
eff
ϕ > 0. More precisely, at
t ≪ t0 we have ˙¯ϕ ∼ t−1/(2m−1), −ρ¯ϕ ∼ ρ¯effϕ ∼
t−2m/(2m−1).
• The effective equation of state parameter has
weffϕ > −1 at low redshift.
• There are ghosts, which makes the model very con-
trived.
• The formation of large-scale cosmological struc-
tures is suppressed.
3. DBI+ model
FromK(χ) =
√
1 + 2χ−2 we find that the background
Klein-Gordon equation can be integrated as
˙¯ϕ/M2√
1 + ˙¯ϕ2/M4 = −
βρ¯t
M2MPl . (87)
Because the left-hand side is bounded, this model can-
not apply to high redshifts, where the background matter
density grows as ρ¯ ∼ t−2. Therefore, one must either dis-
regard this model or include higher-order corrections to
the kinetic function K(χ). This shortcoming is related
to the constraint m > 1 found for generic power-law be-
haviors K(χ) ∼ χm at χ→ +∞.
4. DBI− model
From K(χ) = −√1− 2χ we find that the background
Klein-Gordon equation can be integrated as
˙¯ϕ/M2√
1− ˙¯ϕ2/M4
= − βρ¯tM2MPl . (88)
The left-hand side goes to −∞ for ˙¯ϕ→ −M2, hence this
model can be extended up to any redshift.
• At early times, the background field satisfies ϕ¯ < 0,
˙¯ϕ < 0, and ρ¯ϕ > 0. More precisely, at t ≪ t0 we
have ˙¯ϕ ≃ −M2, ρ¯ϕ ∼ t−1, and|ρ¯effϕ | ≪ t−1.
• The effective equation of state parameter has
weffϕ < −1 at low redshift.
• There are no ghosts (because K¯ ′ > 0 and K¯ ′ +
2χ¯K¯ ′′ > 0).
• The formation of large-scale cosmological struc-
tures is enhanced.
B. Small-scale properties along χ < 0
1. K(χ) ∼ K0χ
m with K0 > 0 and m odd, or K0 < 0 and
m even, so that K′ > 0
• The functionW−(y) is monotonically increasing up
to +∞ over 0 ≤ y < +∞ and there is a unique
well-defined static scalar field profile for any static
matter density profile.
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• The fifth force amplifies Newtonian gravity. It is
screened within the K-mouflage radius as K ′ →
+∞ for χ→ −∞.
• The propagation speed of scalar field fluctuations in
the vacuum, around a spherically symmetry object,
is greater than c, and the static scalar field profile
is linearly stable to radial fluctuations.
• Starting from a null initial condition, or a different
profile, the scalar field relaxes to the static profile.
The evolution is regular for matter overdensities
with a radius R that is greater than the K-mouflage
radius RK , whereas transient shocks appear when
R . RK .
2. K(χ) ∼ K0χ
m with K0 < 0 and m odd, or K0 > 0 and
m even, so that K′ < 0
• The function W−(y) is not monotonically increas-
ing up to +∞ over y > 0. It has a maximum over
[0,+∞[ and goes to −∞ for y → +∞. There is no
continuous static scalar field profile for high-density
matter profiles. One can build an infinite number of
discontinuous static profiles, by patching together
disjoint intervals of y.
• The hyperbolicity of the partial differential equa-
tions that govern the dynamics of the scalar field is
not guaranteed, and it generically breaks down in
the nonlinear regime and for high-density matter
profiles. This means that in general the evolution
with time of the system is not well defined (this is
no longer a Cauchy problem but an elliptic problem
that requires boundary conditions at late times).
Thus, the discontinuous static solutions that can
be built are not physical.
Therefore, one must either disregard these models or
include higher-order corrections to the kinetic function
K(χ).
3. DBI+ model
• The functionW−(y) is monotonically increasing up
to +∞ over 0 ≤ y < y−, where y− is finite, and
there is a unique well-defined static scalar field pro-
file for any static matter density profile. The spatial
gradients of the scalar field in any static state have
a finite upper bound set by y−.
• The fifth force amplifies Newtonian gravity. It is
screened within the K-mouflage radius as K ′ →
+∞ for χ→ χ−, with χ− = −y2−/2.
• The propagation speed of scalar field fluctuations in
the vacuum, around a spherically symmetry object,
is greater than c, and the static scalar field profile
is linearly stable to radial fluctuations.
• Starting from a null initial condition, or a different
profile, the scalar field relaxes to the static profile.
The evolution is regular for matter overdensities
with a radius R that is greater than the K-mouflage
radius RK , whereas transient shocks appear when
R . RK .
4. DBI− model
• The functionW−(y) is monotonically increasing up
to a finite maximum Wmax over 0 ≤ y < +∞. For
low-density matter fluctuations there is a unique
well-defined static scalar field profile, but for high-
density matter profiles a static solution can only be
defined on separated inner and outer regions, [0, r−[
and ]r+,+∞[.
• The fifth force amplifies Newtonian gravity. It
is not screened within the K-mouflage radius as
K ′ → 0 for χ → −∞. In fact, the fifth force be-
comes much greater than the Newtonian force in
the nonlinear regime (until the model becomes ill-
defined).
• For moderate matter overdensities, where a static
scalar field profile exists, the scalar field relaxes to
the latter. For high matter overdensities, where a
static profile can only be defined over 0 ≤ r < r−
and r > r+, the scalar field only relaxes to the static
profile on the outer region r > r+. On smaller radii,
the amplitude of the scalar field gradients keeps
increasing with time and no static solution can be
reached.
Therefore, one must either disregard these models or
include higher-order corrections to the kinetic function
K(χ).
C. Healthy K-mouflage examples
Finally, quantum mechanically, the theories with
monomials in χm that appear with negative coefficients,
viewed as low-energy effective theories, cannot be em-
bedded in a UV completion of the theory which satisfies
the analyticity of the S-matrix [18]. Hence only theories
with odd powers of χ and K0 > 0 are free of all these
pathological behaviors.
More generally, avoiding ghosts requires K ′ > 0 for
χ > 0, while obtaining a realistic small-scale behavior
with efficient screening requires K ′ > 0 for χ < 0, with a
sufficiently large value of K ′ at large negative χ.
To obtain a continuous and well-defined cosmologi-
cal behavior up to high redshift, the background Klein-
Gordon equation, which reads in the matter-dominated
era as
t > 0 : ˙¯ϕK ′[ ˙¯ϕ2/(2M4)] ≃ − βρ¯t
MPl
, (89)
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(where we made the approximation dA/dϕ ≃ β/MPl)
must admit a continuous solution. This requires that
W+(y) ≡ yK ′(y2/2) increases monotonically to +∞ over
y > 0, with y = − ˙¯ϕ/M2 (where the subscript “+” inW+
recalls the plus sign in the argument ofK ′). In particular,
this implies that K ′ + 2χK ′′ > 0 for χ > 0.
To obtain a well-defined static scalar field profile
for any matter density profile requires that W−(y) =
yK ′(−y2/2) is monotonically increasing to +∞ over y >
0. In particular, this implies that K ′ + 2χK ′′ > 0 for
χ < 0. This automatically means that the static pro-
file is stable to radial fluctuations, which propagate at a
speed cs that is greater than c. To ensure a well-defined
evolution of the scalar field, for any configuration, we
must have in addition K ′ + 2χK ′′ > 0 for all χ.
Therefore, we find that healthy K-mouflage models
should satisfy the conditions:
χ− < χ < χ+ : K
′(χ) > 0, K ′ + 2χK ′′ > 0, (90)
where χ± = ±y2±/2 may be finite or ±∞, depending
on the domain of definition of K(χ), and over the range
0 ≤ y < y±,
W±(y) = yK
′
(
±y
2
2
)
are monotonically increasing
to +∞. (91)
This implies in particular that K(χ) cannot be an even
function of χ, whereas if K(χ) is odd, or more generally
K ′(χ) is even (which allows for an additive constant that
can play the role of the cosmological constant), the con-
straints arising from the cosmological background and
the small-scale static regime coincide.
A typical example that satisfies all these constraints is
a cubic form such as K = −1+χ+χ3. As compared with
the standard kinetic term K = −1 + χ (with the cosmo-
logical constant associated with the factor −1), the non-
linearities should not distort too much the shape of the
function K(χ) (i.e., avoid oscillations or local maxima)
but simply increase the derivative K ′ for large |χ|.
DBI-like kinetic functions, with K(χ) ⊃ ±√1± 2χ,
are either ill defined in the cosmological domain, χ > 0
(they cannot follow a matter dominated cosmology at
early times), or in the small-scale static domain, χ < 0
(a static profile cannot be defined for high matter over-
densities). A possible choice is to use a non-analytic ki-
netic function, such as K(χ) = −√1− 2χ for χ > 0
and K(χ) =
√
1 + 2χ − 2 for χ < 0. Analytic func-
tions with a similar behavior (i.e., χ is restricted to
a finite range, while K ′ > 0, K ′ + 2χK ′′ > 0, and
W± are monotonically increasing to +∞) are for in-
stance K(χ) = arcsin(χ) − 1, with −1 < χ < 1, or
K(χ) = tan(χ)− 1, with −π/2 < χ < π/2.
VII. CONCLUSION
We have considered static configurations of K-mouflage
models around compact objects. We have found that
the dynamics of the Klein-Gordon equation and the con-
vergence to these solutions can only be reached when
the potential function W− is monotonically increasing
to infinity. This fact is associated to the existence of
real characteristic speeds for the Klein-Gordon equation
and corresponds to travelling wave perturbations with
a speed greater than the speed of light for small per-
turbations around the static configurations. Such cases
include cubic models with a bounded from below La-
grangian, and the wrong-sign DBI+ models. When the
potential is bounded, and the compact object is screened,
no convergence to a static configuration can be attained
within the K-mouflage radius where spatial gradients of
the scalar field diverge. This is what happens for the
DBI− models. Models with multiple extrema in their
potential make no sense as the Klein-Gordon equation is
not a well-defined hyperbolic equation as characteristic
speeds become complex.
On the cosmological side, the potential function W+
must also be monotonically increasing to infinity. This
implies that K(χ) cannot be even, whereas cosmological
and small-scale self-consistency conditions coincide when
K ′(χ) is even.
In addition to these theoretical self-consistency condi-
tions, in order to obtain an efficient screening mechanism
for small high-density objects, the kinetic function must
satisfy K ′(χ) → +∞ for large negative χ, or at least
reach a very large value so that the fifth force is sup-
pressed by the factor 1/K ′ in the nonlinear regime.
We also note from Eq.(22) that in the general case
(i.e., when the density field is not spherically symmetric),
the gradient ∇rϕ of the scalar field, and the fifth force
Fϕ ∝ ∇rϕ, are not aligned with the Newtonian force
∇rΨN, because the relationship between ∇rϕ and ∇rΨN
involves an additional divergence-less field ~ω that arises
from the rotational part of ∇rΨN/K ′.
Our study shows that it is important to investigate
the nonlinear small-scale regime of screened models of
modified gravity in order to guarantee that a theory is
meaningful. The DBI− example is a prime example here.
Indeed it is well behaved on cosmological scales but is
meaningless, or at least incomplete, on small static scales.
In addition to the properties of the small scale static
regime (e.g., checking that a static scalar field profile ex-
ists for any matter overdensity), it is important to con-
sider dynamical properties, such as the relaxation of the
scalar field. In particular, requiring that the dynamics
are well defined for any configuration (i.e., that we ob-
tain a well-defined Cauchy problem) can yield further
constraints on the models.
Our results also show that in some cases models that
would appear safe in a perturbative approach are actually
meaningless, and their flaws are not due to some approx-
imation scheme (e.g., making a quasistatic approxima-
tion) but to the nonlinearity of the model that can give
rise to complex behaviors (such as the absence of static
states or ill-defined Cauchy problems).
Here, we may note that numerical studies of other non-
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linear models, involving nonlinear derivative terms, such
as the Galileon models, have faced problems as the nu-
merical algorithm encounters complex numbers during
the evolution with time [19, 20]. Although this may be
due to the quasistatic approximation used in these nu-
merical schemes, the analogy with the K-mouflage mod-
els suggests that the problem might be more serious and
signal a true shortcoming of these models, that could
become ill-defined in some configurations. We leave a
detailed study of this point to future work.
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